We establish the connection between decoherence-free subspaces of quantum information and spontaneous emission cancellation in quantum optics with molecules. Both phenomena rely on the destructive interference of transition amplitudes from two initial states to a common target state. We discuss physical similarities, differences, and limitations of both phenomena.
Introduction
Decoherence-free (or noiseless) subspaces (DFS) [1, 2, 3, 4] provide a tool against the effects of decoherence in quantum computation and have been extensively theoretically investigated [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] . Compared to quantum error correction, which requires active syndrome measurement and feed forward, DFS passively avoid decoherence processes by exploiting the fact that for systems which possess symmetries quantum states within some subspace of the system Hilbert space H S may be completely decoupled from the environment. DFS have been applied in quantum information processing to reduce errors due to decoherence [16] . They can help to reduce the amount of quantum error correction required for a given accuracy and in particular to provide longer quantum memory.
In this paper we establish a connection between certain systems that exhibit DFS, and spontaneous emission cancellation (SEC). The latter has been predicted for specific single-particle quantum systems a decade ago [17] . Both phenomena are based on the destructive interference between transition amplitudes from two (or more) different quantum states that are coupled by the environment to a common final state. We remark, however, that this explanation does not apply to all types of DFS. For instance, the ground state of an atom is immune against decoherence due to spontaneous emission simply because of energy conservation, not because of an interference effect.
Decoherence-free subspaces
The concept of DFS can be best explained by considering the coupling of a system S to a Markovian reservoir R. The (reduced) density matrix ρ of the system then obeys a master equation of Lindblad type [18] 
In this equationĤ is the system Hamiltonian, including energy level shifts due to the interaction with the environment. Non-unitary dynamics is incorporated into the decoherence propagator
where the matrix A = (a kl ) is positive semidefinite and time-independent, N S the dimension of the system Hilbert space, and the operators
k=0 (F 0 =Î) form a complete basis for the space of bounded operators defined on H S .
With this dynamical equation a decoherence-free subspace H DFS ⊂ H S can be defined as a subspace whose evolution is strictly unitary. In other words, a
For a weak interactionĤ int between the system and a Markovian reservoir, for which correlations inside the reservoir decay rapidly, Eq. (2) can be derived from an expression that has the general form (see, e.g., Ref. [19] )
where the mean value is taken with respect to the reservoir only andĤ int (t ) is taken in the interaction picture. One therefore can also find DFS states by studying the interaction Hamiltonian [2, 3] . We will follow this approach below. In many theoretical investigations DFS consist of certain entangled states of two or more identical particles. To illustrate this point we consider two identical two-level systems with basis states |g i , |e i (i = 1, 2) coupled to a reservoir of harmonic oscillators with annihilation operatorsâ n . The interaction Hamiltonian then takes the form
with g i,n the coupling constant between system i and oscillator n. For a particular n, the system state |D ∼ g 2,n |g 1 ⊗ |e 2 − g 1,n |e 1 ⊗ |g 2 is not excited by oscillatorâ n because, for an arbitrary reservoir state |ψ R we havê
This is an example where the coupling to a particular reservoir mode vanishes due to destructive interference between two transition amplitudes. In the special case |g 1,n | = |g 2,n | the destructive interference also prevents |D from decaying into the ground state. If the system-reservoir coupling is more symmetric, this effect can be present for all oscillators: if both two-level systems couple in the same way to the reservoir, g 1,n = g 2,n ≡ g n ∀n, the state |D = This situation can be generalized to N two-level systems, a case that is often studied in DFS theory. For symmetric coupling the Hamiltonian becomeŝ
withL (+) a collective excitation operator. As two-level systems are equivalent to spin-1/2 systems, this operator corresponds to the collective raising operator that appears in angular momentum algebra. A DFS is then composed of states that are eigenstates with eigenvalue zero of this operator [2, 3, 20] and also eigenstates of the system Hamiltonian. A derivation of the master equation along the lines of Eq. (3) shows that the operator(s)F l appearing in Eq. (2) are related toL (+) . This establishes the connection between the Hamiltonian approach presented here and an approach that is based on a master equation.
Spontaneous emission cancellation
In quantum optics the destructive interference between two transition amplitudes plays a vital role in many effects that have been studied during the last two decades. This includes coherent population trapping [21] in which atoms are trapped in a "dark" state, a superposition of two electronic ground states that is not excited by a particular configuration of laser beams. The existence of a dark state and destructive interference is also the key feature for velocityselective coherent population trapping [22] where the velocity dependence of a special dark state is used to cool the atomic center-of-mass motion, electromagnetically induced transparency [23, 21] and slow light [24] where an atomic medium becomes transparent and exhibits a very slow group velocity of light because of an atomic dark state, stimulated rapid adiabatic passage [25] to coherently transfer atomic states and Raman adiabatic transfer of optical states [26] to coherently manipulate the quantum state of photons.
All of these phenomena are based on the unitary dynamics of atoms in the presence of classical laser fields. SEC [17] is an interference effect that occurs in the incoherent dynamics of atoms coupled to a reservoir formed by the radiation field. A simple description of SEC can be given for a model of three-level atoms in V configuration (see Fig. 2 ). We consider the case of electric dipole coupling Figure 2 : Spontaneous emission cancellation can happen in a particle with three internal levels in V configuration. If the transition matrix elements are the same destructive interference can generate a stable excited state.
between the particle and the electromagnetic field, which is described by the field operatorÊ(x) at the position x of the particle. The interaction Hamiltonian then takes the formĤ int = −d ·Ê(x), wherê
is the electric dipole operator of the particle. Expanding the field operator in plane wavesâ k,σ with polarization σ = 1, 2 and wavevector k we find
with g i,k,σ the coupling coefficients. Comparing Eq. (8) and Eq. (4) we see that the particular superposition |D = √ 2 −1 (|e 1 − |e 2 ) of excited states is not coupled to the ground state |g if the coupling coefficients do not depend on i. This is the case if the dipole moments are equal, d e 1 ,g = d e 2 ,g , and indicates the appearance of SEC. The destructive interference does not only suppress spontaneous emission but also suppresses excitation by thermal radiation and due to acceleration of the particle (Unruh effect) [19] . The similarity to DFS is now obvious. An intuitive explanation of this similarity can be given by comparing Fig. 2 to the right-hand side of Fig. 1 . Concentrating on de-excitation from the middle states we can omit the doubly excited state |e 1 ⊗|e 2 and obtain the same diagram as in Fig. 2 . The fact that the two particles are identical guarantees in the case of DFS that the transition matrix elements are equal.
Discussion
The considerations above imply that one may consider these examples of SEC and DFS as one-particle and multi-particle realizations of the same effect. It remains to discuss how easy it is to realize and utilize these effects. For SEC, selection rules for atomic angular momentum eigenstates forbid that the dipole matrix elements d e1,g and d e2,g can be equal. Thus, to realize SEC one has to use molecules. A corresponding experiment has been performed [27] but its results have been questioned [28] . DFS have already been realized for decoherence due to magnetic field fluctuations [11] . However, the construction of multi-particle DFS to suppress spontaneous emission is challenged by our recent result that, for a general system coupled to a homogeneous Markovian reservoir, complete suppression is only possible if the particles are co-located [29] . Because in reality particles are strongly interacting or form molecules at short distances, a true DFS to suppress spontaneous decay does not appear feasible.
